Abstract. Quaternionic Shimura surfaces are quotient of the bidisc by an irreducible cocompact arithmetic group. In the present paper we are interested in (smooth) quaternionic Shimura surfaces admitting an automorphism with one dimensional fixed locus; such automorphisms are involutions. We propose a new construction of surfaces of general type with q = pg = 0 as quotients of quaternionic Shimura surfaces by such involutions. These quotients have finite fundamental group.
Introduction
Among smooth minimal surfaces of general type, the ones with vanishing geometric genus p g are of main interest (see e.g. [BFP11] ). For such surfaces, the Chern number c 2 1 = K 2 belongs to the set {1, . . . , 9} and c 2 = 12 − c 2 1 . We are far away from a complete classification, although great advances have been done recently, e.g. for surfaces with c 2 1 = 9, the fake projective planes, which have been completely classified, see [PY07] , [CS10] . In the other cases, a major task is to construct new examples of such surfaces.
In this paper we give an uniform construction of surfaces with q = p g = 0 and c 2 1 = 1, . . . , 7. These surfaces are obtained as quotients of smooth quaternionic Shimura surfaces X by a special kind of involution. Recall that a smooth Shimura surface X = X Γ is the quotient of H × H, the product of two copies of the complex upper half plane, by a discrete cocompact torsion free group Γ ⊂ Aut(H) × Aut(H) of holomorphic automorphisms defined by certain quaternion algebra. The invariants of X are c 2 1 (X) = 2c 2 (X) = 8(1 + p g (X)) and q(X) = 0.
In the first step we prove that an automorphism of a Shimura surface is quite special: Theorem 1. Let σ be an automorphism of a smooth Shimura surface. Then either σ has a finite number of fixed points or the fixed point set of σ is a divisor and σ 2 = 1.
Under certain conditions on the group Γ, the involution µ ∈ Aut(H × H) exchanging the two factors induces an involution σ on the surface X. We call such an automorphism of X an involution of second kind. We obtain Theorem 2. Let X be a smooth Shimura surface admitting an involution of second kind σ. The fixed point set C of σ is a a union of disjoint smooth Shimura curves. The arithmetic genus g of C satisfies 2 ≤ g ≤ p g (X) and the quotient surface Z = X/σ is smooth with finite fundamental group. If moreover g = p g (X) ≤ 8, Z is a surface of general type with invariants: c 1 (Z) 2 = 9 − p g (X), c 2 (Z) = 3 + p g (X), p g (Z) = q(Z) = 0.
If p g = 2 or 3, one can prove that g = p g and therefore c 2 1 = 7 and 6 respectively.
We then concentrate on the construction of such Shimura surfaces with low p g and admitting an involution of second kind. It turns out that such surfaces are rather exceptional. For instance, if we restrict our consideration to totally real fields of degree 2, there are at most 14 isomorphism classes of quaternion algebras leading to smooth Shimura surfaces of geometric genus 2 ≤ p g ≤ 8 admitting an involution of second kind (see Theorem 22) . On the other hand we consider Shimura surfaces corresponding to congruence subgroups and we are able to show:
Theorem 3. For k = 5, 6 there exists a smooth Shimura surface X with an involution of second kind σ and p g (X) = k. In the case k = 5, the curve C fixed by σ is irreducible of genus g(C) = 5 = p g (X).
In the light of some open questions concerning fundamental groups of surfaces with geometric genus zero, see [BFP11] , an example of a smooth Shimura surface with p g = 2 admitting an involution of second kind would be highly interesting. However, finding such a surface turns out to be very difficult (see Remark 30). This paper mixes two fields: Theory of Shimura surfaces and classical algebraic geometry of surfaces. Shimura surfaces are closely related to Hilbert modular surfaces (which were first systematically studied by Hirzebruch, see for instance [vdG88] , but are less known and studied. It was also one of our aim to develop that theory of Shimura surfaces.
The paper is organized as follows: In Section 2 we discuss the conditions on Γ under which the Shimura surface X Γ has an involution of second kind. In Section 3 we study the quotient surface of a smooth Shimura surface by the action of an involution of second kind and we prove that its fundamental group is finite. In Section 4, we investigate examples of Shimura surfaces with low geometric genus admitting an involution of second kind. In particular we develop new tools to create smooth quaternionic Shimura surfaces and we make a systematic study of Shimura surfaces defined over quadratic fields with low geometric genus. We give examples of surfaces with p g = 5, 6 admitting an involution of second kind. Finally, in section 5 we present the method to identify the Shimura curve fixed by an involution of second kind acting on a Shimura surface and we furthermore examine the example with p g = 5.
2. Involutions of second kind acting on Shimura surfaces 2.1. Quaternionic Shimura surfaces. Let us recall the construction of quaternionic Shimura surfaces.
Let k be a totally real number field of degree n = [k : Q]. The places of k are the equivalence classes of valuations on k, and the infinite places of k correspond to embeddings σ i ∈ Hom Q (k, R), i = 1, . . . , n.
Let A be a division quaternion algebra whose center is k. For every place v of k, we denote by k v the completion of k with respect to v and define
. By the classical theorem of Hasse and the product formula for Hilbert symbols, the isomorphism class of A is uniquely determined by the set Ram(A) of ramified places of A. Assume that A is unramified at the first, say m ≤ n, infinite places σ 1 , . . . , σ m and ramified at the remaining n − m infinite places. Equivalently we assume that we have an isomorphism
where H denotes the skew field of Hamiltonian quaternions. Then, A is uniquely determined up to an isomorphism by the tuple
where p 1 , . . . , p r are the non-archimedean places of k where A is ramified, and σ 1 , . . . , σ m are the infinite places of k such that A ⊗ σ i (k) R ∼ = M 2 (R). Since we are interested in algebraic surfaces, we suppose that there are exactly two infinite places σ 1 , σ 2 such that A is unramified at the σ i . With this fixed ramification behaviour at the infinite places, the isomorphism class of A depends only on the tuple (p 1 , . . . , p r ). Let us write
(omitting the explicit indication of two unramified infinite places) for such a quaternion algebra in the following. The subgroup A + of A consisting of the units of A having totally positive reduced norm can be identified via the
with a subgroup of GL + 2 (R) 2 ×H * n−2 , and projecting to the first two factors gives an injection of
this representation of A. Note that these ρ i , i = 1, 2 are extensions of two morphisms k → R (where R ⊂ M 2 (R) is identified with diagonal matrices) corresponding to the places σ 1 , σ 2 . Let us denote by O and O k a maximal order of A and the ring of integers of k. Let O * denote the group of units of O, O + the group of units in O with totally positive reduced norm and O 1 ⊂ O the group of units of reduced norm 1. The group O 1 is via ρ a discrete subgroup of SL 2 (R) 2 , whereas O + is embedded as a discrete subgroup in GL + 2 (R) 2 .
The group A + and any subgroup G ⊂ A + acts on the product H × H of two copies of the upper half plane as follows: if (z, w) ∈ H × H is a point and g ∈ G, then ρ(g) is represented by two matrices g i = ρ i (g) = a i b i c i d i (i = 1, 2) and:
where a 1 , a 2 (resp. (b 1 , b 2 ) . . .) are conjugates with respect to the places σ 1 , σ 2 over the Galois closure of k in R. The action of G is not effective; the center Z(G) acts trivially on H × H and therefore we will consider subgroups Γ = G/Z(G) ⊂ A + /k * rather than subgroups G ⊂ A + . Let us write Γ O (1) or sometimes simply Γ(1) for the group O 1 /{±1}. The group Γ(1) and also any subgroup Γ of A + /k * commensurable with Γ(1) acts properly discontinuously on H × H. The quotient X Γ = H × H/Γ is a compact algebraic surface, which will be called quaternionic Shimura surface (corresponding to Γ) in the sequel.
2.2. The involution exchanging factors and involutions of the second kind. Let, as above, k be a totally real number field and consider the quaternion algebra A = A(k, p 1 , . . . , p r ) over k unramified at two infinite places of k and ramified at all the other infinite places of k and at the finite places p 1 , . . . , p r .
Definition 4. An involution of second kind on
for all a, b ∈ A and such that the restriction of τ to k is a non-trivial automorphism of k.
Let ℓ = k τ be the fixed field of τ . Then k/ℓ is a quadratic extension and in this case we will say that τ is a k/ℓ-involution.
Remark 5. (See also [Gra02, Lemma 4.2]). Let τ and σ be two k/ℓ-involutions of second kind on A. Then there exists m ∈ A * such that σ(a) = m −1 τ (a)m and τ (m) * = m, where a → a * is the canonical anti-involution on A, that is, the uniquely determined anti-involution * : A → A such that the reduced norm is N rd(x) = xx * and the reduced trace is T rd(x) = x + x * .
Following [Gra02] we choose to work with involutions on A which are, by above definition, particularly ring homomorphisms of A. In the literature more often one works with anti-involutions, that is, with maps ρ : A → A satisfying ρ(ab) = ρ(b)ρ(a). These two kinds of maps are linked by the canonical anti-involution. First observe that every involution of second kind commutes with the canonical anti-involution, that is, for every a ∈ A we have τ (a) * = τ (a * ), see [Gra02] . From this it follows that there is one-to-one correspondence between involutions and anti-involutions on A given by the rule τ → τ * and ρ → ρ * where τ * , resp. ρ * , is defined as τ * (a) = τ (a) * , resp. ρ * (a) = ρ(a) * , for every a ∈ A. In this way, involutions of second kind correspond to classically studied anti-involutions of second kind.
A criterion for the existence of anti-involutions of second kind is wellknown and goes back to work of Albert and Landherr. Proof. Let us first show that there exists an k/ℓ-involution τ on A if and only if there exists a quaternion subalgebra A ′ ⊂ A whose center is ℓ.
This is a ℓ-subalgebra of A. Let θ ∈ k be such that k = ℓ(θ) and τ (θ) = −θ. We claim that A = A ′ ⊕θA ′ . To see this we write an element a ∈ A as a = . It follows that A = A ′ + θA ′ . Clearly, an element a ∈ A ′ ∩ θA ′ satisfies τ (a) = a = −a, hence a = 0 and it follows that kA ′ ∼ = k ⊗ ℓ A ′ = A and therefore A ′ is a quaternion algebra over ℓ since A = A ′ ⊗ ℓ k is a quaternion algebra.
Now we compare the sets of ramification of A and A ′ . If v is a place of ℓ such that A ′ ⊗ ℓ ℓ v ∼ = M 2 (ℓ v ), then for any place w of k lying over v we have A ⊗ k k w ∼ = M 2 (k w ), so if A ′ is unramified at a place v of ℓ, then A is unramified at every place w of k lying over v. Particularly, since k and ℓ are totally real, if v is an infinite place of ℓ, that is, an embedding v : ℓ ֒→ R then there are exactly two places of k lying over v, that is, two embeddings w 1 , w 2 : k ֒→ R extending v and satisfying w 2 = w 1 • α.
Assume now that v is a place of ℓ where A ′ is ramified. If v is an infinite place of ℓ, then, again since k and ℓ are both totally real, A is ramified at every place w of k over v. Assume that v is a finite place of ℓ corresponding to a prime ideal P. There are two different possibilities: P is split in k, that is, PO k = pp α , with two prime ideals p = p α of k. As k p = ℓ P , A ′ is ramified at P if and only if A is ramified at p. If P is non-split in k, i. e., if only one prime p is lying over P, then by the theorem of Hasse, the field k p can be embedded into A ′ ⊗ ℓ ℓ P and therefore A ′ ⊗ ℓ ℓ P ∼ = M 2 (k p ). In this case A is unramified at p. It follows, that the existence of a k/ℓ-involution implies the conditions (1) and (2).
Conversely, choosing the set of ramified places according to (1) and (2), we can construct a quaternion algebra A ′ over ℓ such that A ′ ⊗ ℓ k and A are ramified exactly at the same set of primes. This implies an isomorphism A ∼ = A ′ ⊗ ℓ k and thus the existence of an k/ℓ-involution of second kind Remark 7. Let us note that with notations of section 2.1 the above proposition implies that in the case of the existence of a k/ℓ-involution τ on A we particularly have the relation ρ 2 = ρ 1 • τ on A. Note also that the condition (2) is superfluous in the case where k is a real quadratic field, since there is only one choice of σ 2 = σ 1 • α.
Let τ be an involution of second kind on A. Let Γ ⊂ A + /k * be a subgroup stable by τ , that is, for all γ ∈ Γ we have τ (γ) ∈ Γ. Since ρ 2 = ρ 1 • τ , the images of Γ in P SL 2 (R) by ρ 1 and ρ 2 are the same, and since this image is isomorphic to Γ we denote it also by Γ. In order to avoid more long-winded notations, let us write for an involution of second kind τ shortly
In particular, the non-trivial ℓ-automorphism of k is denoted by x → x (for x ∈ k). Identifying k with σ 1 (k), say, the action of any element γ ∈ A + /k * on H × H given by
is written as γ(z 1 , z 2 ) = (γz 1 ,γz 2 ). Let µ : H × H → H × H be the involution that exchanges the two factors. The group Aut(H × H) is the semi direct product of Aut(H) × Aut(H) and the group Z/2Z generated by µ. Proof. We need to prove that µ sends an orbit under the action of Γ to another Γ-orbit. We have:
Since τ : a →ā preserves Γ, we get:
is an orbit under the action of Γ on H × H and µ acts on the orbit space X Γ .
2.3. Automorphisms of Shimura surfaces. Let µ ∈ AutH × H be the involution that exchanges the two factors. Let X Γ = H × H/Γ be a smooth quaternionic Shimura surface. By [DR14, Theorem 3.12] and its proof, we get:
Proposition 9. Suppose that the fixed locus C of an automorphism σ of X = X Γ contains an one-dimensional component. Then σ is an involution that lifts on the universal cover to (a conjugate of ) µ.
Let us consider an involution a →ā on A of second kind and a torsion-free group Γ commensurable with a group Γ(1), and as above stable under a → a. Recall that for γ ∈ Γ and t = (z 1 , z 2 ) ∈ H × H the action of γ on H × H is given by γt = (γz 1 ,γz 2 ). The image of t on X Γ = H × H/Γ is a fixed point of the involution σ induced by µ if and only if Γ(z 1 , z 2 ) = Γ(z 2 , z 1 ), which is the case if and only if there exists γ in Γ such that
that is, if and only if z 1 = γz 2 and z 2 =γγz 2 . Since Γ is torsion-free (because X is smooth), the image of t in X is a fixed point of σ if and only ifγγ = 1.
As in [Gra02] , for any β ∈ A \ {0}, let ∆ β be the disk ∆ β = {(z, βz)/z ∈ H}. We have λ∆ β = ∆λ βλ −1 for any λ ∈ A \ {0}. We denote by F β the image of ∆ β in X Γ .
Let γ ∈ Γ be such thatγ = γ −1 . Sinceγγ = 1, we have (γz, z) = γ(z, γz), therefore for any point t of ∆ γ , we obtain µΓt = Γµt = Γγt = Γt, and the image F γ of ∆ γ on X Γ is fixed by the involution σ. That implies that F γ is a smooth irreducible algebraic curve, more precisely a Shimura curve, and that there is only a finite number of such curves. We obtain:
Corollary 10. The fixed point set of σ is the union of smooth disjoint Shimura curves F γ with γ ∈ Γ such that γγ = 1.
Remark 11. Since the irreducible components of the fixed locus C are smooth disjoint Shimura curves on the Shimura surface X, we get by the Hirzebruch Proportionality Theorem
where g > 1 is the arithmetic genus of C. If the irreducible componants are
Recall that λC β = Cλ βλ −1 for any λ ∈ A \ {0}, and in particular for every λ ∈ Γ we have:
Of course, for α =λλ −1 we have αᾱ = 1. We conjecture that for a smooth surface X the fixed locus of such σ is irreducible. As we see immediatly, this is equivalent to the following:
Conjecture 12. Let be λ ∈ Γ such that λλ = 1. There exists γ ∈ Γ such that λ =γγ −1 .
3. Quotient of a quaternionic Shimura surface by an involution of second kind.
3.1. Invariants of the quotient. Let Γ be a lattice preserved by an involution of the second kind and let σ be the corresponding involution acting on the Shimura surface X = X Γ . Let C be the smooth curve of arithmetic genus g fixed by the involution.
Proposition 13. The quotient surface Z = X/σ is smooth and has invariants:
where e(X) = c 2 (X) is the topological Euler number of X. If (K X − C) 2 > 0, then Z has general type; this condition on the positivity is satisfied if e(X) ≤ 36. Suppose e(X) = 12, then C is irreducible of genus g = 2 and the quotient surface X/σ has invariants:
. Suppose e(X) = 16, then C is irreducible of genus g = 3 and the quotient surface Z has invariants:
(here we use that C is a disjoint union of smooth Shimura curves) we get
Moreover by general formulas on quotient surfaces (see e.g. [DR14] )
e(Z) = 1 2 (e(X) + e(C)) = 1 2 e(X) + 1 − g.
As q(X) = 0, we get q(Z) = 0 and
As g ≥ 2 because X is hyperbolic and p g (Z) ≥ 0, we get that
(note that by the preceding discussion, this condition is always satisfied for a surface X with e(X) < 40). By the Riemann-Roch Theorem, we have
Serre duality gives
and as g ≤ e(X)−4 4
, we get 4g − 4 ≤ e − 8 and
The possibilities for values 12, 16, . . . , 36 of e(X) and for the genus g of C are listed in the above tables: 11 1 3.2. The fundamental group of the quotient. Let us recall some results about fundamental groups. Let G be a discontinuous group of homeomorphisms of a path connected, simply connected, locally compact metric space M , and let G tor be the normal subgroup of G generated by those elements which have fixed points, or equivalently, the torsion elements. Then Theorem 14. [Arm68] . The fundamental group of the orbit space M/G is isomorphic to the factor group G/G tor .
Let X = X Γ be our Shimura surface with fundamental group Γ such that the involution µ switching the two factors of the bi-disk H × H acts on X by an involution denoted by σ. The fundamental group of the quotient surface X/σ is isomorphic to Γ ′ /Γ ′ tor , where Γ ′ is the group generated by Γ and µ. Recall that a group G acting on the space M is discontinuous if: (1) the stabilizer of each point of M is finite, and (2) each point x ∈ M has a neighborhood U such that any element of G not in the stabilizer of x maps U outside itself (i.e. if for g ∈ G, gx = x then U ∩ gU is empty).
Lemma 15. The group Γ ′ is discontinuous. Proof. Since M = H × H is a locally compact Hausdorff space, Γ ′ is discontinuous if and only if it is discrete subgroup of Aut(H × H). The latter assertion follows from the fact that Γ ′ is an index-2 extension of the discrete group Γ.
For any γ ∈ Γ, we have µγ =γµ. Let g ∈ Γ ′ tor be a non-trivial torsion element. Since Γ is torsion free, g ∈ Γ and there exists λ ∈ Γ such that g = λµ. The order of g is then divisible by 2 and we have g 2n = (λλ) n . Since Γ is torsion free, g 2n = 1 if and only if λλ = 1. Therefore a torsion element g of Γ ′ has order 2 and there exists λ ∈ Γ such that g = λµ and λλ = 1.
As an immediate consequence we obtain:
Lemma 16. The fundamental group Γ ′ /Γ ′ tor of X/σ is isomorphic to the group Γ/N where N is the normal group generated by the λ ∈ Γ such that λλ = 1.
Since for any γ ∈ Γ, the group Γ ′ tor containsγµγ −1 =γγ −1 µ, we see that N containsγγ −1 for every γ ∈ Γ, therefore the quotient Γ/N forces the relation γ =γ for any γ ∈ Γ.
Let us denote by H the normal subgroup of Γ generated by the elements γγ −1 , γ ∈ Γ. Note that under Conjecture 12, the group H is equal to N . The group π 1 (X/σ) = Γ ′ /Γ ′ tor ≃ Γ/N is a quotient of Γ/H. Theorem 17. Suppose that Γ is a subgroup of Γ(1). Then Γ/H is a finite group and the fundamental group of X/σ is finite.
Proof. Let A ′ be a quaternion algebra over the field ℓ as above such that A = A ′ ⊗k and the involution of second kind on A is given by a ′ ⊗u → a ′ ⊗ū. Let k ′ be a degree 2 extension of ℓ such that
The involution of second kind a →ā extends to M 2 (K) and acts on each entries fixing
is equivariant for the action of the involution: ∀a ∈ A, j(ā) = j(a), where the action on the left hand side is the conjugation on each entries of the matrix. The group j(Γ(1)) is a subgroup of P SL 2 (O K ). Let I ⊂ O K be the (nontrivial) ideal generated by the elementsā − a, a ∈ O K . The ring O K /I is a finite ring therefore the subgroup Γ/H of P SL 2 (O K /I) is finite.
The fundamental group of X/σ is (isomorphic to) Γ/N which is a quotient of the finite group Γ/H, therefore π 1 (X/σ) is finite.
4. Examples 4.1. Aim and terminology. Our goal is to find examples of smooth quaternionic Shimura surfaces X Γ together with an involution σ on X Γ having onedimensional fixed locus. So, we consider an indefinite quaternion algebra A over a totally real field k of degree n = [k : Q], unramified exactly at two infinite places of k and consider groups Γ commensurable with Γ O (1), the group of norm-1 elements of a maximal order O ⊂ A (modulo center).
Definition 18. Let k, A, O be as above. We say that a discrete group Γ in the commensurability class of Γ O (1) is admissible of type e if:
(1) Γ is torsion-free. Let us remark that according to Proposition 13, the quotient X Γ /σ will be of general type if e(X Γ ) ≤ 36. Hence, we will focus on admissible groups of type e = 12, 16, 20, ..., 36. Also, the proposition 6 gives us a condition which guarantees the existence of an involution of second kind on A. A = A(k, p 1 , . .., p 2m ) be as above and assume that there exists a k/ℓ-involution on A with respect to a subfield ℓ ⊂ k. According to Proposition 6 we particularly assume that the primes p i , i = 1, . . . , 2m in O k come in pairs: there exist primes P 1 ,...,P m of O ℓ such that p 1 p 2 = (P 1 ),...,p 2m−1 p 2m = (P m ).
Smoothness and the Euler number. Let
If 
where N P = |O ℓ /P| denotes the norm of P and where
] is the generalized index of two commensurable groups.
is a real quadratic field, we have a particularly handable formula ζ k (2) = 
where p 1 , . . . , p m are rational primes such that p 1 p 2 = (p 1 ),...,p 2m−1 p 2m = (p m ).
As next, we would like to discuss the question about the smoothness of X Γ . Note that X Γ is smooth if and only if Γ is torsion-free. Here, we will concentrate on subgroups (1) ξ n + ξ −1 n ∈ k (2) every ramified prime in A is non-split in k(ξ n )
The above lemma already gives us a bound for the order of possible torsion elements. Namely, for any a ∈ A \ k, the algebra k(a) is commutative subfield of A. Since dim k A = 4, and a / ∈ k, dim k k(a) = 2 and k(a) is a quadratic extension of k. Assume now that ξ is a primitive n-th root of unity
Above results provide us with criteria to test the conditions in the definition of admissible groups. Let us state a classification result in the case of a real quadratic field k. 
Lemma 23. Let G be an arbitrary group and H ⊂ G a torsion-free subgroup of finite index. If T ⊂ G is a finite subgroup, then |T | divides [G : H].
Proof. Let G/H = {g 1 H, . . . , g I H} be a set of left cosets of H in G. The group T acts by left multiplication on this set. And moreover this action is free. Otherwise, we would have t · g i H = g i H with some non-trivial t ∈ T and consequently, g −1 i tg i ∈ H, which is not possible, since H is torsion-free and t as well as g −1 i tg i , is of finite order. By elementary group theory, the length of any T -orbit on G/H is the same as the order of |T |. And since G/H is the union of different T -orbits, |G/H| is divisible by |T |.
Proof of Theorem 22.
Recall that we restrict the type e of an admissible group to values e = 12 + 4k ≤ 36. If Γ ⊂ Γ O (1) is admissible of type e, then
Since • The square part of 12e/B 2,k is divisible by the product p (p − 1) 2 where p runs over subsets of rational primes which are split in k (note that p = 2, if split in k, contributes the factor 1 to the product). We obtain the following list of tuples satisfying all the conditions e · (2 − 1) 2 13 4 12 + 4k, k = 0, . . . , 6 (9 + 3k) · (3 − 1) 2 8 2 12, 24, 36 2 · (7 − 1) 2 ,4 · (7 − 1) 2 , 6 · (7 − 1) 2 5 4 5 20 3 · (11 − 1) 2 We observe (keeping also in mind the splitting behavior of 2 in k) that the set of ramified places in A is determined by the value 12e/B 2,k in the table.
As next we identify those subgroups Γ ⊂ Γ O (1) which cannot be torsionfree. For this we use the two Lemmas 21 and 23. Namely, note first that Γ O (1) contains at most torsions of order 2, 3 and 6 for k = Q( √ 5), Q( √ 2) and additionally elements of order 5 for k = Q( √ 5) and of order 4 for k = Q( √ 2). Case by case analysis leads to the final statement; to check the splitting behavior in k(ξ n ) one can use the criterion of Shavel (see [Sha78] , Theorem 4.8). We double-checked the the conditions of Lemma 21 explicitly with PARI/GP. • Let Q be a prime ideal in O. The O k -ideal q = N rd(Q) generated by the reduced norms of elements in Q, which is also the intersection q = Q ∩ O k , is a prime ideal and there are two possible cases: Remark 24. If we want to search for admissible groups among the principal congruence subgroups, then we must note the following: for g ∈ O(Q) we have g ∈ O(Q), so, Γ O (Q) will be admissible if and only if Q = Q (for more precise statement see Theorem 26 and Lemma 27 below). This is already a strong condition: If k is a quadratic field, the prime q under Q must be inert or ramified over ℓ. For instance, this in combination with list of possible candidates from Theorem 22 shows there are no admissible principal congruence subgroups of any type e defined over a real quadratic field.
In the following we will make use of the following well-known fact.
Lemma 25. Let q be a prime ideal in O k , unramified in a k-central quaternion algebra A and Q = qO the corresponding O-ideal . Let qZ = q ∩ Z be the rational prime divisible by q and finally, let x ∈ O 1 (Q) be an element of order p, where p is a prime. Then p = q.
Proof.
We have x ∈ O 1 (Q) ⇔ N rd(x − 1) ∈ q. We can assume that x is a primitive p-th root of unity contained in A. Since k(x) ⊂ A, we have N rd(x − 1) = N k(x)/k (x − 1). Taking N k/Q (·) on both sides we obtain
where f > 0 is the inertia degree of q. On the other hand x − 1 ∈ Q(x), and therefore
Altogether, we obtain the relation
Finally, it is well-known that N Q(x)/Q (x − 1) = ±p and from this the claim follows.
Assume that the prime ideal q ⊂ O k is unramified in A, then qO is a prime ideal in O ⊂ A. Since in this case Q = qO we will write
. By the classification theorem of Dickson, we know all the subgroups of P SL 2 (s). Let us mention two particular subgroups which we will use later on:
(1) Borel subgroup B ⊂ P SL 2 (s) consisting of all upper triangular matrices in P SL 2 (s). The group B is a maximal subgroup of P SL 2 (s) of index s + 1 and order s(s − 1)/t, with t = gcd(s − 1, 2). (2) Unipotent subgroup U ⊂ P SL 2 (s) consisting of all elements in B of the form ( 1 * 0 1 ). The group U is a subgroup of index (s 2 − 1)/t and order s. With above notations let π : Γ O (1) −→ P SL 2 (s) denote the epimorphism induced by the canonical projection 
Then, by definition, E is an Eichler order of level q. If q is ramified in A, we have E = O and in the case where q is unramified, after a possible conjugation, we can assume that O q = M 2 (R q ) and we can choose O ′ q = P M 2 (R q )P −1 with P = diag(1, ̟), where ̟ is a generator of the valuation ideal qR q . The reduction modulo q maps E q =O q ∩ O ′ q surjectively to the subalgebra of upper triangular matrices in M 2 (R q /qR q ). Therefore the group E 1 of norm-1 elements in E corresponds to exactly those elements in O 1 which modulo qO are upper triangular.
In general, a k/ℓ-involution on a quaternion algebra A does not preserve a maximal order. But under certain conditions on A we can ensure the existence of such an order: • the extension k/ℓ is unramified and • the number of places v ∈ Ram(A) is ≡ 2 mod 4.
Corollary 27. Assume that A admits a k/ℓ-involution τ which preserves a maximal order O and let q ⊂ O k be a prime ideal which is unramified in A and qO the corresponding prime ideal in O. Assume that the non-trivial
Proof. The group Γ O (1) is τ -invariant since O is τ -invariant and for any a ∈ A we have N rd(a) = N rd(a). Also, Γ(q) is invariant, since for every x ∈ Γ O (q) there is a representative x ′ ∈ O of the class x satisfying x−1 ∈ qO, thus (x ′ − 1) ∈ qO = qO = qO, by assumption, hence x ′ ≡ 1 mod qO.
In order to prove the invariance of other groups, we first localize at q; since q / ∈Ram(A), the local algebra
, where ̟ is a generator of the valuation ideal qR q . This is the localization of the global Eichler order E corresponding to a group Γ B O (q). The involution τ which leaves O invariant extends to an involutionτ on O q = O ⊗ O k R q in an obvious way by definingτ (x ⊗ r) = τ (x) ⊗r where r → r is the generator of Gal(k q /ℓ Q ) and Q = q ∩ ℓ is the prime of ℓ lying under q and ℓ Q its localization. By this the involutionτ maps the matrix P to ±P depending on whether k q /ℓ Q is unramified or ramified but in any caseτ preserves E q . From the construction ofτ we see thatτ also preserves O ∩ E q = E and particularly the norm-1 group E 1 whose quotient by the center is Γ B O (q). The group Γ U O (q) consists of those elements in Γ B O (q) which reduce modulo q to upper triangular matrices with only 1 on the diagonal. The preimage of such matrices in E q is preserved byτ and hence τ preserves the preimage of these matrices in O ∩ E q . This implies that with Γ B O (q) also Γ U O (q) is preserved. 4.4. Construction with the Borel subgroup. Let A(k, p 1 , p 1 , . . . , p m , p m ) be as before. Let q be a prime ideal of k such that q = p i , p i for i = 1, . . . , m and consider the group Γ B O (q), the inverse image π −1 (B) of a Borel subgroup 
Proof. Let γ be a torsion in Γ B
O (q). Then there is a minimal N such that γ N = ±1, which implies that γ is an N -th (or 2N -nth) root of unity contained in E(q). Conversely, let ξ be a root of unity, let L = k(ξ) and assume that there exists an embedding σ : . There are more examples of non-smooth Shimura surfaces with "good" invariants. Consider for instance k = Q( √ 28) and A = A(k, p 3 p 3 ) the indefinite quaternion algebra ramified at the two places over 3. Theorems 6 and 27 ensure that A has an involution of second kind and that there is an order O invariant under the involution. From Theorem 19 we know that e(Γ O (1)) = 16/3. The rational prime 2 is ramified in k. Let q = q 2 be the prime ideal of k with q 2 2 = 2O k and consider the principal congruence subgroup Γ O (q). It is a subgroup in Γ O (1) of index 6. There are no elements of order 3 in Γ O (q) by Lemma 25 but there are elements of order 2 coming from embeddings of √ −1 in O.
Looking at the list in Theorem 22, we can also prove that no other admissible groups of type e = 12, . . . , 36 can be obtained from
Instead we can consider totally real fields of higher degree:
4.6. A Shimura surface with an involution of second kind and p g = 6.
In this example we consider the unique totally real number field k of degree 4 and discriminant d k = 725. Its defining polynomial is x 4 − x 3 − 3x 2 + x + 1 and k contains ℓ = Q( √ 5) as a subfield of degree 2. Let us consider the kcentral quaternion algebra A(k, ∅) ramified exactly at two infinite places v 1 and v 2 of k such that v 2 = v 1 • σ, where σ = Gal(k/ℓ). We remark that k is not a Galois extension of Q. The algebra A admits an involution of second kind τ and by Theorem 26, there is a maximal order O invariant under τ . Consider now the prime q = 29. Remark 31. Of course, the strategy of Section 4.2 leading to Theorem 22 could be applied also in the case of quaternion algebras over totally real fields k of degree > 2 but becomes very soon computationally involved. Restricting ourselves to totally real quartic fields of discriminant ≤ 10 4 and groups of type Γ B O (q) or Γ U O (q) we find that example 4.6 is the only example of an admissible group (of any type e = 12 + 4k, 0 ≤ k ≤ 6). But similarly to Remark 30 we find some interesting non-smooth examples: Let k 4,D denote a totally real field of degree 4 and discriminant D (in the examples below, there will be only one such field up to isomorphism) containing a real quadratic field ℓ. Let A(k 4,D , ∅) denote the quaternion algebra over k 4,D ramified exactly at the two infinite places of k 4,D which are conjugate under the non-trivial ℓ-automorphism of k 4,D . Such quaternion algebra admits a k 4,D /ℓ -involution. Let O be a maximal order in A(k 4,D , ∅) and Γ O (1) the corresponding projectivized modular group. We get several singular Shimura surfaces X Γ admitting an involution of second kind with Γ ⊂ Γ O (1) given in the table below:
5. determination of the fixed curve.
Let X Γ = H 2 C /Γ be a smooth Shimura surface such that the involution µ on H 2 C exchanging the factors descends to an involution σ on the quotient X Γ . The image of the diagonal ∆ ⊂ H × H is a smooth Shimura curve C Γ fixed by σ. The aim of this section is to determine that curve in examples we investigated in Sections 4.5 and 4.6.
The analogous problem for Hilbert modular surfaces is well-known, see for instance [Hir73] or [Hau82] . The quaternion algebra A over k defining the group Γ has a non trivial involution τ of second kind. That involution leaves invariant a subfield ℓ. Recall that A = A(k, p 1 , . . . , p 2r ) with p 2i−1 = p α 2i as in Prop. 6 and α : k → k the involution of the extension k/ℓ with σ 1 = σ 2 • α for σ i : k → R the unramified infinite places in A. Also note that the involution σ : X Γ −→ X Γ is determined by the involution of second kind τ on A. The fixed point set of σ is associated with the invariant ℓ-subalgebra A ′ = {a ∈ A | τ (a) = a} of A. From the proof of Proposition 6 we know that A ′ is a quaternion algebra over ℓ with the property A ′ ⊗ k ∼ = A. Moreover, A ′ is ramified at every prime P i of ℓ such that P i O k = p 2i−1 p 2i for i = 1, . . . , r. Remark 33. We shall note that in the case where A ′ = A ′ (ℓ, P 1 , . . . , P 1 , Q) ramifies also at some prime Q that is non-split in k the order O = O ′ ⊗ O k is not maximal even if O ′ is maximal.
Example 34. Let A ′ = 2,5 Q be the quaternion algebra over Q generated by elements 1, i, j, ij such that i 2 = 2, j 2 = 5 (and ij = −ji). The algebra A ′ is ramified exactly at the primes 2 and 5. Let O ′ be a maximal order in A ′ . The group Γ O ′ (1) is a Fuchsian group. Let Γ B O ′ (11) be the subgroup corresponding to the Borel subgroup of P SL 2 (F 11 ). This subgroup can be interpreted as the group of elements of reduced norm 1 of an Eichler order E(11) of level 11. The group Γ O ′ (1) is of index 12 in Γ O ′ (1) and is torsionfree by Lemma 28, as 5 is split in Q(i) and 11 is non-split in Q( √ 3). The genus of the curve C = Γ O ′ (11)\H can be easily computed with the already used general volume formula from [Shi63] (see also [Vig80, III, Prop. 2.10]) by which 2 − 2g(C) = −8. Let k = Q( √ 33). Then A = A ′ ⊗ k = 2,5 k is a quaternion algebra over k and is ramified exactly at the two primes lying over 2. The Eichler order E(11) in A ′ is naturally contained in the order E(11) ⊗ Z O k of A and the latter one is contained in E(q 11 ) the Eichler order of A corresponding to the prime q 11 of k lying over 11, since the elements E(11) ⊗ Z O k become upper triangular modulo 11, hence modulo q 11 . This gives an embedding of Γ B O ′ (11) in Γ B O (q 11 ) and hence an embedding of a Shimura curve of genus 5 into the Shimura surface X = Γ B O (q 11 )\H × H (see Section 4.5) which by construction must be fixed by the involution of second kind on X. This gives a precise characterization of the Shimura surface Z = X/σ, the quotient of X by the involution on X induced by the involution of second kind:
Proposition 35. The surface Z is a smooth surface of general type with p g = 0, K 2 Z = 4 and e(Z) = 8.
